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CoM, Inertia and Mass

Figure 1: cylinder integration boundary

If a density function ρ(r, θ, y) is applied throughout the cylinder boundary
illustrated in the figure above the mass will be

m =
∫ h

y=0

∫ 2π

θ=0

∫ a

r=0
ρ(r, θ, y)rdrdθdy

(Michel van Biezen 2017a) and the centre of mass in the y axis will be

Cy =
∫ h
y=0

∫ 2π
θ=0

∫ a
r=0 yρ(r, θ, y)rdrdθdy

m

(Michel van Biezen 2017b). The centre of mass in the x and z axes will be

Cx =
∫ h
y=0

∫ 2π
θ=0

∫ a
r=0 rcos(θ)ρ(r, θ, y)rdrdθdy

m

Cz =
∫ h
y=0

∫ 2π
θ=0

∫ a
r=0 rsin(θ)ρ(r, θ, y)rdrdθdy

m
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((https://math.stackexchange.com/users/250220/saketh-malyala), n.d.). The
inertia tensor components of the shape created within the cylinder boundary are
going to be

Ixx =
∫
m

(
y2 + z2) dm, Iyy =

∫
m

(
x2 + z2) dm,

Izz =
∫
m

(
x2 + y2) dm, Ixy =

∫
m

xy dm,

Ixz =
∫
m

xz dm, Iyz =
∫
m

yz dm

(formula sheet database 2019). When considering the point of rotation to be at
the centre of mass the components become

Ixx =
∫
m

(
(y − Cy)2 + (z − Cz)2) dm,

Iyy =
∫
m

(
(x− Cx)2 + (z − Cz)2) dm,

Izz =
∫
m

(
(x− Cx)2 + (y − Cy)2) dm,

Ixy =
∫
m

(x− Cx)(y − Cy) dm,

Ixz =
∫
m

(x− Cx)(z − Cz) dm,

Iyz =
∫
m

(y − Cy)(z − Cz) dm

instead. Where

∫
m

=
∫ h

y=0

∫ 2π

θ=0

∫ a

r=0

dm = ρ (r, θ, y) rdrdθdy

x = rcos(θ), z = rsin(θ)

E.O.M

Derivation

• Transformation

3



Figure 2: Representation of rocket.
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– θn̂ – axis-angle representation of orientation.
– x, y, z – position, also centre of mass.

• Engine
– ||F || – force (thrust).
– α, β – gimbal angles.

• Geometry
– h – height.
– a – radius.

• ||r|| – torque lever arm magnitude.

The linear kinetic energy is

Elin = 1
2mẋ

2 + 1
2mẏ

2 + 1
2mż

2

and according to Fitzpatrick the rotational kinetic energy is

Erot = 1
2
(
Ixxω

2
x + Iyyω

2
y + Izzω

2
z + 2Ixyωxωy

+ 2Iyzωyωz + 2Ixzωxωz)

(Richard Fitzpatrick 2011). Lastly the potential energy is simply Ep = mgy.
Therefore the lagrangian of the rocket is

L = Elin + Erot − Ep

which expands into

L = 1
2mẋ

2 + 1
2mẏ

2 + 1
2mż

2

+ 1
2Ixxω

2
x + 1

2Iyyω
2
y + 1

2Izzω
2
z

+ Ixyωxωy + Iyzωyωz + Ixzωxωz

−mgy

The partial derivatives of the linear terms are

∂L
∂ẋ

= mẋ,
∂L
∂ẏ

= mẏ,
∂L
∂ż

= mż,

∂L
∂x

= 0, ∂L
∂y

= −mg, ∂L
∂z

= 0

and the angular terms are
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∂L
∂ωx

= Ixxωx + Ixyωy + Ixzωz

∂L
∂ωy

= Iyyωy + Ixyωx + Iyzωz

∂L
∂ωz

= Izzωz + Iyzωy + Ixzωx

Keep in mind that ω is angular velocity, that is why there is no dot written out
in the partial derivatives above. Having that said, the partial derivative of just
the angles, which would in this case be the partial derivative with respect to
each component in a axis-angle vector is zero. This is because the terms are not
present in the lagrangian. Thus, for a axis-angle vector θn̂

∂L
∂θnx

= ∂L
∂θny

= ∂L
∂θnz

= 0

The equations of motion can now be written as

d

dt

(
∂L
∂ẋ

)
− ∂L
∂x

= ṁẋ+mẍ = Fx

d

dt

(
∂L
∂ẏ

)
− ∂L
∂y

= ṁẏ +mÿ +mg = Fy

d

dt

(
∂L
∂ż

)
− ∂L
∂z

= ṁż +mz̈ = Fz

d

dt

(
∂L
∂ωx

)
− ∂L
∂θnx

= ˙Ixxωx + Ixxω̇x

+ ˙Ixyωy + Ixyω̇y

+ ˙Ixzωz + Ixzω̇z = τx

d

dt

(
∂L
∂ωy

)
− ∂L
∂θny

= ˙Iyyωy + Iyyω̇y

+ ˙Ixyωx + Ixyω̇x

+ ˙Iyzωz + Iyzω̇z = τy

d

dt

(
∂L
∂ωz

)
− ∂L
∂θnz

= ˙Izzωz + Izzω̇z

+ ˙Iyzωy + Iyzω̇y

+ ˙Ixzωx + Ixzω̇x = τy

Solution

The solutions for the linear equations of motion are as following
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ẍ = Fx − ṁẋ
m

ÿ = Fy − ṁẏ −mg
m

z̈ = Fz − ṁż
m

Similarly the angular solutions are

ω̇x = τx − ˙Ixxωx − ˙Ixyωy − Ixyω̇y − ˙Ixzωz − Ixzω̇z
Ixx

ω̇y = τy − ˙Iyyωy − ˙Ixyωx − Ixyω̇x − ˙Iyzωz + Iyzω̇z
Iyy

ω̇z = τz − ˙Izzωz − ˙Iyzωy − Iyzω̇y − ˙Ixzωx + Ixzω̇x
Izz

Forces and Torques

The local force vector, that is to say the force vector of the engine relative to
the rocket is simply expressed as

Fl = Rx(β)Ry(α)||F ||ŷ

Rx(θ) =

1 0 0
0 cos(θ) −sin(θ)
0 sin(θ) cos(θ)


Rz(θ) =

cos(θ) −sin(θ) 0
sin(θ) cos(θ) 0

0 0 1


(Rotation matrix 2019).

From discretizing the terms ω̇x, ω̇y and ω̇z a axis-angle representation of the
orientation of the rocket is obtained. Rotating the local force vector with this
rotation gives the global force vector of the engine. That is to say the forces
acting on the centre of mass aligned to the global axes. According to Jorge a
vector can be rotated by an axis-angle representation in the following way

v′(v) = vcos(θ) + (v · n̂) n̂ (1− cos(θ)) + (n̂× v) sin(θ)

Thus the global force vector is simply
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F = v′(Fl)

(Jorge Rodriguez 2013). When it comes to torque, the lever arm vector is defined
similarly

r = v′(−||r||ŷ) = v′(−Cy ŷ)

from which the torque is defined as

τx = ryFz + rzFy

τy = rxFz + rzFx

τz = rxFy + ryFx
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